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Given two disjoint subsets 77 and 7> of nodes in an undirected 3-connected graph G =
(V,E) with node set V and arc set E, where |T1| and || are even numbers, we show that
V' can be partitioned into two sets Vi and Vs such that the graphs induced by Vi1 and Va
are both connected and |ViNT};|=|VaNT;|=|Tj|/2 holds for each j=1,2. Such a partition
can be found in O(|V [*log|V|) time. Our proof relies on geometric arguments. We define
a new type of ‘convex embedding’ of k-connected graphs into real space R*~! and prove
that for k=3 such an embedding always exists.

1. Introduction

We define the following graph-partitioning problem: Given an undirected
graph G=(V,E) and k subsets T1,...,T} of V, not necessarily disjoint, find
a partition V into [ subsets Vi,...,V; such that G[V;] (1 <i <) are all
connected and a;; < |[V;NT}| <b;; holds for each pair 4,j, where a;; and b;;
are prespecified lower and upper bounds. In this problem, we interpret each
T; as a set of nodes which possess ‘resource’ . In particular, one may ask
for a partition where the nodes in each Tj (1<j <k) are distributed among
the subsets V1,...,V; as equally as possible.
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In this paper, we consider the case of [ = 2 and ask to distribute the
resources equally: Given an undirected graph G = (V,E) and k subsets
T1,T>,..., Ty of V, where |T}| is even for all j, find a bipartition {V;,Va}
of V such that the graph G[V;] induced by each V; is connected and
VinT;| = |VanT}| (=1T};|/2) holds for j =1,...,k. Let us call this prob-
lem the k-bisection problem. We prove that for every 3-connected graph G
and for every choice of (disjoint) resource sets 77 and Tb, the 2-bisection
problem has a solution.

To verify this, we reduce it to a geometrical problem. Our method is out-
lined as follows. We first prove that every 3-connected graph G can be em-
bedded in the plane in such a way that the convex hull of its nodes, which is a
convex polygon, corresponds to a cycle C of G, and every node v in V-V (C)
is in the convex hull of its neighbors (precise definition is given in Section 4).
This will guarantee that, for any given straight line L in the plane, each of
the two subgraphs of G separated by L remains connected. Given such an
embedding, we apply the ‘ham-sandwich cut’ algorithm, which is well known
in computational geometry, to find a straight line L* that bisects the two
subsets T7 and T simultaneously. Since the above embedding ensures that
the two subgraphs separated by the ham-sandwich cut L* are connected,
this bipartition of the nodes becomes a solution to the 2-bisection problem.

We give an algorithm which finds such a bisection in O(|V'[?log |V|) time.

1.1. Related results

If =2 and there is just one set 1" of resources, the problem is NP-hard for
general graphs, since it is NP-hard to test whether a given graph G=(V, E)
and an integer ny < |V| have a partition of V into two subsets V; and V5
such that the graph induced by V; is connected for ¢ = 1,2, and |V;| =ny
holds [3,4]. When G is 2-connected, it is known that such a partition {V1,Va2}
always exists and it can be found in linear time [14,16]. More generally, the
following result was shown independently by Gy6ri [8] and Lovasz [11].

Theorem 1.1. [8,11] Let G=(V,E) be an {-connected graph, wy, wa, ...,

wy € V' be different nodes and ny,ns,...,ng be positive integers such that
ni+na+...+ng=|V|. Then there exists a partition {Vi,Va,...,Vy} of V such
that G[V;] is connected, |V;|=n; and w; €V; for i=1,... L. ]

A slight extension of this theorem is obtained by Wada et al. [17].

Theorem 1.2. [17] Let G=(V,E) be an ¢-connected graph, T be a subset
of V., wy,...,wy €T be different nodes and ni,...,ny be positive integers
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such that ny+...4+ny=|T|. Then there exists a partition {Vi,...,V;} of V
such that G[V;] is connected, |V;NT|=n; and w; €V; for i=1,... L. ]

2. Preliminaries

Let G=(V,E) stand for an undirected graph with a set V' of nodes and a set
E of arcs, where we denote |V| by n, |E| by m. For a subgraph H of G, the
sets of nodes and arcs in H are denoted by V(H) and E(H), respectively.
Let X be a subset of V. The subgraph of G induced by X is denoted by
G[X]. A node veV — X is called a neighbor of X if it is adjacent to some
node u € X, and the set of all neighbors of X is denoted by Ng(X). Let
e =(u,v) be an arc with end nodes u and v. We denote by G/e the graph
obtained from G by contracting u and v into a single node (deleting any
resulted self-loop), and by G —e the graph obtained from G by removing e.
Subdividing an arc e = (u,v) means that we replace e by a path P from u
to v where the inner nodes of P are new nodes of the graph. If we obtain a
graph G’ by subdividing some arcs in G, then the resulted graph is called
a subdivision of G. A graph G is k-connected if and only if |V|>k+1 and
the graph G — X obtained from G by removing any set X of (k—1) nodes
remains connected. A singleton set {x} may be simply written as x.

2.1. The Ham-Sandwich Theorem

Consider the d-dimensional space R®. For a non-zero a € R% and areal be R!,
H(a,b)={zcR?|(a-z)=0b} is called a hyperplane, where (a-z) denotes the
inner product of a,z € R%. Moreover, H*(a,b) = {x € R%|{(a-z) > b} (resp.,
H~(a,b)={r € R%| (a-z) <b}) is called a positive closed half space (resp.,
negative closed half space) with respect to H=H (a,b).

Let Pi,...,P; be d sets of points in R?. We say that a hyperplane H =
H(a,b) in RY bisects P; if |H(a,b)N P;| > Pgi‘—‘ and |[H™ (a,b)NP;| > Pg’_ﬂ
Thus, if | P;| is odd, then any bisector H of P; contains at least one point of
P;. If H bisects P; for all i=1,...,d, then H is called a ham-sandwich cut
with respect to the sets Py,..., P;. The following theorem is well-known.

Theorem 2.1. [5] Given d sets Py,...,P; of points in the d-dimensional
space RY, there exists a hyperplane which is a ham-sandwich cut with re-
spect to Py,...,P,. |
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Edelsbrunner and Waupotitsch [6] proposed an
O(|P1 U Py|log(min{| Py [, [P2[} + 1))

time algorithm that computes a ham-sandwich cut of P; and P, in R2.
Afterwards Chi-Yuan, Matousek and Steiger [2] proposed algorithms for
finding a ham-sandwich cut in O(|PLUP,|) time for d=2 and O(|P,UP|*/?)
time for d=3, respectively.

3. Bisecting k Subsets in (k+ 1)-connected Graphs

Let G=(V,E) be a graph and T1,75,...,T}, be subsets of V', where |T}]| is
even for j =1,...,k. A bipartition {V1,V2} of V is a k-bisection (or weak
k-bisection) if G[V;] is connected for i=1,2, and [ViNT};|=|VaNT}| (=|1}]/2)
holds for j =1,2,....k (|V;NT};| < (|T}| +k)/2 holds for ¢ =1,2 and j =
1,2,...,k, respectively). Our goal is to find best possible sufficient conditions
for the existence of (weak) k-bisections, in terms of the connectivity of G.
In the following examples we show families of highly connected graphs with
specified sets T; which possess no k-bisections.

Example 1. Let Gy (k € {1,2,3}) be the k-connected graph obtained by
taking three copies of K}, and one copy of K}, and connecting each copy
of Kj, to K, by k independent edges. Let each of the k pairwise disjoint
specified sets Tj (j = 1,...,k) consist of a node v; of K, and the three
neighbours of v;. It is easy to check that G}, has no k-bisection for 1 <k <3.

Example 2. Let k>3 and consider the following graph. Let Kop,_1 ;= (WU
Z,FE) be a complete bipartite graph with node sets W ={wy,wa,...,wor_1}
and Z={z1,29,...,2}, and let T;=WU{z;} fori=1,... k. Note that |T;| =2k
holds for all ¢ =1,...,k. Suppose that {Vi,V5} is a k-bisection to Kop_1
and {T1,...,Ti}. The set T} is bisected by {V1,Va}; ViNTy ={ws,...,wx}

and VoNTy ={wky1,...,Wak_1,21 } can be assumed without loss of generality.
Since ViNT; ={w1,...,wi} also holds for each i=2,... ,k, V} cannot contain
any node in Z and hence V; must be {wy,...,w;}. However the induced

subgraph G[V;] is not connected. Thus these graphs admit no k-bisection.

Also notice that if >3 and T1 ={v1,v2}, To={ve,v3} and T3 ={vs,v1}
for some three nodes vy,v9,v3 € V, then there exists no k-bisection. These
examples show that k-connectivity is not sufficient to guarantee a k-bisection
for arbitrarily specified sets T;, even if the specified sets are pairwise disjoint.
Furthermore, for k>3, either we have to assume that the specified sets are
pairwise disjoint or we have to look for weak k-bisections only. We propose
the following conjecture.
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Conjecture 3.1. Let G = (V,E) be a (k + 1)-connected graph and
T1,T>,..., T} be specified subsets of V', where |T}| is even for j =1,... k.
Then (a) G has a weak k-bisection, and (b) if the k specified sets are pair-
wise disjoint then G has a k-bisection. ]

Note that Theorem 1.2 implies that Conjecture 3.1 is true for k=1 (by
setting £ =2, T'=T; and n; = ng = |T'|/2 in Theorem 1.2). In fact, such
a partition in Theorem 1.2 with £ =2 can be computed in linear time by
using the so-called ‘st-numbering’ of nodes [16]. Thus, we have the following
result.

Corollary 3.2. Let G=(V,E) be a 2-connected graph and T' be a subset
of V- with even |T'|. Then G has a 1-bisection {V1,Va2}, and such {V1,Va} can
be computed in O(m) time. |

The main result of this paper is an algorithmic proof for Conjecture 3.1
in the case of k =2. Our algorithm finds the required 2-bisections in a 3-
connected graph in O(n?logn) time.

4. Strictly Convex Embeddings

In this section we introduce a new way of embedding a graph G in R?. The
existence of such an embedding (along with the ham-sandwich cut theorem)
will play a crucial role in the proof of Conjecture 3.1 for k=2 in Section 5.

For a set P = {x1,...,2;} of points in R?, a point a’ = ayx1 4+ agxs +

ot ogrg with 35, pa;=1and a; >0, i=1,...,k is called a convex
combmatzon of P, and the set of all convex comblnatlons of P is denoted
by conv(P). If P={x1,z2}, then conv(P) is called a segment (connecting
x1 and ), denoted by [z1,22]. A subset S C R is called a convex set if
[z,2] C S for any two points z,2’ € S. For a convex set S C R%, a point
x €S is called a verter if there is no pair of points 2/,2” € S —x such that
x € [2/,2"]. For two vertices x1,x9 €S, the segment [x1,x5] is called an edge
of S'if ax’+(1—a)z” =x €[x1,x9] for some 0<a <1 implies 2’, 2" € [x1,22].
The intersection S of a finite number of closed half spaces is called a convez
polyhedron, and is called a convez polytope if S is non-empty and bounded.

Given a convex polytope S in R, the vertez-edge graph G = (Vs,Es)
is defined to be an undirected graph with node set Vg corresponding to the
vertices of S and arc set Fg corresponding to those pairs of vertices x,xz’
for which [z,2/] is an edge of S. For a convex polyhedron S, a hyperplane
H(a,b) is called a supporting hyperplane of S if H(a,b)NS # () and either
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SC H"(a,b) or SC H (a,b). We say that a point p€ S is strictly inside S
if there is no supporting hyperplane H of S containing p. If S has a point
strictly inside S in R?, then S is called full-dimensional in R, The set of
points strictly inside conv(P) is denoted by int(conv(P)).

Given a graph G = (V,E), an embedding of G in R? is a mapping
f:V—RY, where each node v is represented by a point f(v) € R%, and
each arc e=(u,v) by a segment [f(u), f(v)] (which may be written by f(e)).
For two arcs e,e’ € E, segments f(e) and f(e’) may cross each other. For
{v1,v2,...,0,} =Y CV, we denote by f(Y) the set {f(v1),...,f(vp)} of
points. For a set Y of nodes, we denote conv(f(Y')) by convg(Y).

We define a new kind of ‘convex embedding’ of a graph G in the d-
dimensional space:

Definition 4.1. Let G = (V,E) be a graph without isolated nodes and
let G’ = (V',E’) be a subgraph of G. A strictly convex embedding (or SC-
embedding, for short) of G with boundary G’ is an embedding f of G into
R? in such a way that

(i) the vertex-edge graph of the full-dimensional convex polytope convy (V")
is isomorphic to G’ (such that f itself defines an isomorphism),

(ii) f(v)€int(convy(Ng(v))) holds for all nodes veV —V’,

(iii) the points of {f(u)|u€V} are in general position.

It can be seen that the above definition implies that the vertices of
conv¢(V') are precisely the points in f(V(G)).

A similar concept of ‘convex embeddings’ of graphs, requiring only (ii)
above, was introduced by Linial et al. [10] and led to a new characterization
of k-connected graphs. If d=1, the embedding of [10] and the strictly convex
embedding defined here are both equivalent to the so-called s-t-numberings.
For higher dimensions the two concepts are different and the embedding of
[10] does not seem sufficient for our purposes. An SC-embedding in the plane
is illustrated by Figure 1.

SC-embeddings into R? have the following important property. (In our
proofs later we will use this property only in the special case d=2.)

Lemma 4.2. Let G = (V,E) be a graph without isolated nodes and let
f be an SC-embedding of G into R%. Let f(V}) C H*(a,b) and f(V)N
(H*(a,b) — H(a,b)) C f(V1) hold for some hyperplane H = H(a,b) and for
some )£V, CV. Then G[V1] is connected.

Proof. Let G'=(V’',E’) be the boundary of f. The vertices of the convex
polytope S=conv¢(V) are the points in f(V’). By definition, G’ is isomor-
phic to the vertex-edge graph of S.
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Fig. 1. A 3-connected graph G1 and an SC-embedding f of G1 with boundary
C'=({v1,v5,v7},{(v1,v5), (vs,v7), (v1,07)})

We first verify that G[V1NV’] is connected. This fact follows easily from
well-known properties of the simplex algorithm, but for completeness we
provide another proof. The proof is by induction on d. For d=1 the state-
ment is trivial. Suppose d > 2 and let f(z) be a vertex of SN H(a,b) in
F(ViNV’) which is furthest from H (or equivalently, for which (—a- f(z)) is
maximum). Let H, be the hyperplane which is parallel to H and contains
f(z). For a contradiction, suppose that some y € V1NV’ is not reachable
from x in G[V; NV’]. Choose y in such a way that f(y) is as far from H
as possible and let H, be a hyperplane which is parallel to H and contains
f(y). The choice of y implies that for every neighbor z € Ng/(y) we have
f(z)e H, . 1f H,=H,, then f(x) and f(y) are both vertices of the (d—1)-
dimensional polytope SN H, whose vertex-edge graph S’ is isomorphic to
the corresponding subgraph G of G[ViNV'] by the choice of z and y. By
induction G is connected, a contradiction.

Now assume that H, is strictly closer to H than H,. Using the fact that
the cone C' generated by the edges incident to f(y) contains S (see [18,
Lemma 3.6]), we obtain S CC C H, . On the other hand, f(z) € H, — H,
holds, a contradiction. This proves that G[V; NV’] is connected.

Now we prove that G[V4] is connected. From the connectivity of G[ViNV']
it is clear that if G[V4] is not connected, then G[V1] has a component G[X]
with X CV; —V’. Consider a supporting hyperplane Hx of conv(X) such
that f(X)C Hy and Hy is parallel to H. At least one point f(z) in f(X)
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is on Hx, but no point exists on one side of Hx. Since the node x has no
neighbors among the nodes mapped into that side of Hy, we have f(z) ¢
int(convf(Ng(x))). This contradicts the fact that f is an SC-embedding
of G. i

In what follows we assume that d = 2, that is, we investigate SC-
embeddings in the plane R? only, unless stated otherwise.

5. SC-embeddings in the Plane

In this section we prove that every 3-connected graph G admits an SC-
embedding f with an arbitrarily specified cycle C' as its boundary, and show
how to find such an SC-embedding efficiently. To do this, we use the following
characterization of 3-connected graphs, due to Tutte.

Lemma 5.1. [15] Let G = (V,E) be a 3-connected graph. For any arc e,
either G /e is 3-connected or G —e is a subdivision of a 3-connected graph. I

For two points = and y in R? let L(z,y) denote the half line obtained
by extending the segment [z,y] in the direction from z to y, and let L(z,y)
denote the half line obtained from L(z,y) by removing the points in [z, y]—y.
That is, L(z,y)={z+a(y—=z)|a>0} and L(z,y)={z+a(y—z)|a>1}.

Let f be an SC-embedding of a graph G = (V,E) in the plane with
boundary C. We define a set cones(v,u) C R? for each pair (u,v) of ad-
jacent nodes as follows. If v € V/(C) or f(u) € int(convi(Ng(u) —{v})),
then let cones(v,u) = R% Otherwise u € V —V(C) and f(u) is a ver-
tex of convy(Ng(u)U{u} —{v}), and there are two arcs e; = (u,w;) and
eg = (u,wz) with wy,wy € Ng(u)—{v} such that each of f(e1)=[f(u), f(w1)]
and f(e2) =[f(u), f(w2)] is an edge of convs(Ng(u)U{u}—{v}). (See Fig-
ure 2.) In this case let cones(v,u) be the interior of the cone bounded by
the two half lines L(f(w1), f(u)) and L(f(ws), f(u)).

Now fix a node veV —V(C) and let f’ be another embedding of G such
that f/(u) = f(u) for all u € V —{v}. We wish to find all those possible
positions of f/(v) for which

(1) f'(u) € int(convy (Ng(u))) for all nodes u € V —V(C) — {v}.

Clearly, the set of good positions of f/(v) depends only on the neighbors
of v. Consider the following set.

(2) By(v)= [ cones(v,u)
u€Ng(v)
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Observe that By(v) is a non-empty open set, since cones(v,u) is an open set
containing f(v), for each u € Ng(v). It is easy to see that f’ satisfies (1) if and
only if f’(v) € B¢(v). Note that cones(v,u) can be obtained in O(|Ng(u)])
time since int(convy(Ng(u) —{v})) can be computed in O(|Ng(u)|) time,
provided that the cyclic order of the points {f(w)|w € N(u)} around u is
known. Summarizing the above argument gives the next lemma.

L(fowy, fiw)

.;nv (N fu) ufu}-v)

coney (v,

£y, fuw)

Fig. 2. An example of cones(v,u)

Lemma 5.2. Given an SC-embedding f of a graph G=(V, E) with bound-
ary C and a node v € V —V(C), the set By(v) is a non-empty open set.
Furthermore, any embedding f' with f'(u)= f(u), u#v, and f'(v) € B¢(v)
satisfies (1). Moreover By(v) can be obtained in O(3_ e ng(w)-v () | Na(uw)])
time. |

We are ready to prove the main result of this section.

Theorem 5.3. For every 3-connected graph G=(V, E) and every cycle C of
G, there exists an SC-embedding with boundary C'. Such an SC-embedding
can be found in O(n?logn) time.

Proof. We start with the outline of our constructive proof and some al-
gorithmic remarks. First we compute a 3-connected spanning subgraph
G' = (V,E') of G with E(C) C E' and |E’| = O(n). Such a ‘sparse’ span-
ning subgraph exists and can be found in linear time [12]. Clearly, an SC-
embedding of G’ is also an SC-embedding of G.

We call an arc e = (u,v) internal if {u,v} NV (C)=0. To find an SC-
embedding of G’ first we apply the following procedure. We choose an arbi-
trary internal arc e in G'. If G'—e is not a subdivision of a 3-connected graph,
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then we contract the arc e. By Lemma 5.1 the resulted graph, denoted by
G/e, is 3-connected. Otherwise, if G’ —e is a subdivision of a 3-connected
graph, we delete the arc e from G’, and, if there exist (one or two) nodes v
whose degree is two in G’ —e, we remove every such v as well after replacing
the two incident arcs (uj,v) and (v,us) with a single arc (up,ug). In this
case let G’/Ae denote the resulted graph, which is clearly 3-connected. We
repeat this procedure until there exists no internal arc in the current graph
H. An SC-embedding of H is easy to find: we embed the nodes in V(C)
in such a way that the segments corresponding to the arcs of the cycle C
form a convex polygon consisting of points in general position in the plane.
Since there are no internal arcs, points of the remaining nodes of H can be
found independently (as far as new points together with the points in C' are
in general position). This can be done in O(n?logn) time by choosing each
new point in O(nlogn) time so as to avoid creating a set of three points in
a straight line.

Note that obtaining H requires O(n) 3-connectivity tests on graphs with
O(n) arcs each (due to the sparsification). Since a 3-connectivity test can
be done in linear time [9], the total time to execute the above procedure is
O(n?logn).

Finally, starting from H, we insert the contracted or deleted arcs and
nodes one by one, in the reverse order of the above procedure. In every
iteration we modify the current embedding in such a way that we maintain
an SC-embedding of the graph after every insertion. This way we obtain an
SC-embedding of G’. It remains to show how to construct an SC-embedding
/! of a graph H', assuming that an SC-embedding f for a 3-connected graph
H=H'Aeor H=H'/e is available, where e = (v1,v2) is an internal arc of H'.

Case (i): H=H'/e.

Let v* be the node in H'/e created by contracting the internal arc e =
(v1,v2). To regain H', we insert e to H by splitting v* into v; and ve and
connecting the appropriate pairs of nodes. We will define an SC-embedding
fof H with f'(u) = f(u), w € V(H') —{v1,v2}, and with f'(v1) = f(v*).
To determine f’(vy) we proceed as follows. Let N3 = Np/(vy) — {v2} and
let Ny = Npr(v2) —{v1}. If f(v*) € int(convg(N1)) (and hence f'(vy) =
f(v*) € int(convp(Ny))), then we define D = R%. Otherwise, if f(v*) ¢
int(convy(Ny)), then f(v*) is a vertex of convy(N1U{v*}), and there are two
arcs e; = (v*,w1) and eg = (v*,wy) with wy,wy € N7 such that each of f(eq)
and f(ez) is an edge of convg(N1U{v*}). In this case let D be the interior of
the cone bounded by the two half lines L(f(w1), f(v*)) and L(f(ws), f(v*)).
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Note that D is a non-empty open set. By choosing f’(v2) € D, we have f/(v;)
(=f("))€int(convp (Np(v1)))-

To satisfy f'(v2) € int(convy (Npr(v2))) (=int(convs(NoU{v*}))) as well,
we have to choose a point f'(vs) € DNint(convs(NoU{v*})). This set is not
empty, since f(v*)€convs(Nyg(v*)).

Therefore, by Lemma 5.2, if f/(v) is chosen from D Nint(convy(NaoU
{v*})) N Bf(v*), then the resulted embedding f’ satisfies Definition 4.1(ii)
for H'. Observe that DNint(convs(NoU{v*}))NBy(v*) is a non-empty open
set, and hence such a choice (satisfying also that the points of {f/(v) |v €
V(H')} are in general position) is possible. Therefore we can construct an
SC-embedding of H'.

Case (ii): H=H'Ae.

If INg/(v1)| >4 and |Ngr(v9)| > 4 (which implies H'Ae = H' — e and
hence V(H')=V(H)), then f is clearly an SC-embedding of H'. Hence we
consider the case where | Ny (v1)|=|Ngs(v2)| =3 (the case when [Ny (vy)|=
3 and |Npys(v2)|>4 can be treated similarly). Let {uj,us}=Npg/_.(v1) and
{us,us} =Npr_.(v2). We may assume uj #u4 without loss of generality.

We will define an SC-embedding f’ of H' for which f'(u)= f(u) for every
u€V(H")—{v1,v2}. Note that u; € V(C) may hold for some 1<i<4. To
determine f’(v1) and f’(vy) we proceed as follows.

First we choose a point z; in the interior of the triangle of f(uq), f(u2),
f(ug) (denoted by T7) and a point x5 in the interior of the triangle of
fug), f(us), f(u1) (denoted by T»). Let K7 (K2) be the interior of the cone
generated by the half lines L(f(u1),21) and L(f(ug,21) (L(f(us),22) and
L(f(u3),x2), respectively). Let Sy be an open disc with center uy in K| and
let S1 be an open disc with center u; in K5. Observe that for every point z
in the interior of the triangle of f(u1), f(u2),21 (denoted by R;) and for ev-
ery y €Sy we have z € int(conv({f(u1), f(u2),y})). Similarly, for every point
2" in the interior of the triangle of f(u4), f(u3),z2 (denoted by Rs) and for
every y €51 we have 2’ €int(conv({f(us), f(us),y})).

Let Uy = conef(ui,ug) Nconer(uz,uy) and let Us = coney(ug,us) N
coneg(ug,us). These are non-empty open sets. Clearly, ([f(u1),f(u2)] —
{f(u1), f(uz)}) C Uy and ([f(uaq), f(us)] —{f(uq), f(us)}) CUs hold. For ev-
ery point weU; (w' €Us) we have uj €int(conv({w}UNg (u1) —{uz})) and
ug € int(conv({w}UNg(uz) —{u1})) (ug € int(conv({w'} UNg(ug) —{us}))
and ug €int(conv({w'}UNg(us)—{us})), respectively).

With these definitions we define the required positions as follows. Let
f'(v1) be a point in S;NU; N Ry and f'(v9) be a point in SyNUs N Ra, such
that all the points in {f’(v)|veV (H')} are in general position. It is easy to
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see that both S1NUINR; and S4NUsNRs are non-empty open sets, and hence
such a pair of points exists. Furthermore, it follows from the observations
above, that f’ satisfies Definition 4.1(ii) for H'. Thus f’ is an SC-embedding
of H', as required.

The above arguments and Lemma 5.2 prove that given an SC-embedding
f of H'Ae or H' /e, we can construct an SC-embedding f’ of H" in O(nlogn)
time (note that a new point must be chosen so that no three points are
on the same straight line). Since this procedure is executed O(n) times to
construct an SC-embedding of G’, the entire running time for finding an
SC-embedding of the original graph G is O(n?logn). |

We note that, given a set P of n points in general position and a non-
empty open set BCR?2, we can choose a new point 2 € B in O(nlogn) time
so that all points in PU{x} are in general position. To do this we fix a new
point xg € B temporarily, sort all the points y € P according to the gradient
Jzo(y) of the line containing y and z in O(nlogn) time (where we are done
if no two points in P have the same gradient), and move the position x
along a segment [x¢,2'] C B whose gradient is different from any of g, (y),
y € P. There is an € > 0 such that for the position 2y moved from xy by €
along L, the sorted order of g, (y) remains unchanged and no two points in
P have the same gradient (hence any point x € ([xg,z1]—2)N B is a desired
solution). Such >0 can be determined in O(n) time only by checking each
pair of lines L; and L;; with consecutive gradients g; < g;+1 in the sorted
order.

6. Finding a 2-bisection in a 3-connected Graph

By combining the algorithmic proof of Theorem 5.3 and the ham-sandwich
cut algorithm in two dimensions, we are now able to obtain a polynomial
time algorithm that finds a (weak) 2-bisection in a 3-connected graph.

Algorithm BISECTION (G, Ti,T5)

Input: A 3-connected graph G and subsets 77,7 C V' such that |T3],|T3|
are even.

Output: A weak 2-bisection (resp., a 2-bisection, if Ty NTy=0) {V;,V52} of
(G, T1,T3).

1. Choose an arbitrary cycle C, and construct an SC-embedding f of G
with boundary C.

2. Let W={f(v)|veTi} and B={f(v)|veTz}. Compute a ham-sandwich
cut L with respect to W and B. Let L; and Lo denote the open half
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planes defined by L. Let V/={veV | f(v)e L;}, W/=WNL;, Bi=BNL,,
for i=1,2. Let M={f(v)|f(v)eL}.

3. Find a bipartition { M7, M} of M for which [W/U(M, W)|<|W|/24+1 and
|BiU(M;NB)|<|B|/2+1 (or [W/U(M;NW)|=|W|/2 and |B{U(M;NB)|=
|B|/2, it WNB=0), for i=1,2. Let Q;={veV|f(v)eM;}, i=1,2.

4. Let Vi =V/UQ; and let V5 = V5 U Q2. Output the bipartition {Vi,V2}
of V.

Since the points {f(u):u €V} are in general position, we have |[M| <2
in Step 2. Therefore it is easy to see that the required bipartition { My, Ms}
exists in Step 3. By Lemma 4.2 (applied to the SC-embedding, the line L and
the sets V/UQ1 and VJUQR2), we obtain that V; induces a connected subgraph
of G for 1=1,2. Since L is a ham-sandwich cut in Step 2, and by the choice
of My, My, it follows that the output {V;,V5} is a (weak) 2-bisection of G
with respect to T7 and T5.

An SC-embedding f in Step 1 can be obtained in O(n?logn) time by
Theorem 5.3. Steps 2 and 3 can be done in O(n) time using the linear time
ham-sandwich cut algorithm [2]. From the above discussion it follows that
Conjecture 3.1 is true for k=2:

Theorem 6.1. Let G=(V,E) be a 3-connected graph. Then there exists a
weak 2-bisection in G for every pair of specified sets T1,Ts. If T} and T, are
disjoint, then G has a k-bisection. Such a (weak) bisection can be computed
in O(n%logn) time. 1

It is conceivable that every 3-connected graph has a 2-bisection for every
pair of (possibly intersecting) specified sets T7,T5. This would follow from
our proof if the following possible strengthening of the planar ham-sandwich
theorem held: if Py, P, are point sets of odd cardinality in general position
in R? then there exists a ham-sandwich cut L such that |[LNP;|+|LNP,| < 2.

7. Remarks

In this section we make some remarks on Conjecture 3.1 for kK = 3 and
briefly discuss the directed graph versions of our problems. We also show
that deciding whether a graph has an SC-embedding in the plane is NP-hard.

7.1. 3-bisections in 4-connected graphs

If a graph G is isomorphic to the vertex-edge graph of some convex poly-
tope in R?, then G is called polyhedral. The following characterization of
polyhedral graphs is well-known.
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Lemma 7.1. [13] A graph G is a polyhedral graph if and only if G is 3-
connected and planar. ]

In order to prove Conjecture 3.1 for kK = 3 by a similar application of
the (3-dimensional) ham-sandwich theorem (i.e. by using Theorem 2.1 and
Lemma 4.2), it would be sufficient to prove that every 4-connected graph G
has an SC-embedding f:V — R3. In such an embedding the boundary G’
should be a polyhedral subgraph of G' by Definition 4.1(i).

We conjecture that such an embedding exists (for every proper choice of
the boundary).

Conjecture 7.2. For a 4-connected graph G = (V,E) and any polyhedral
subgraph G’ of G, there is an SC-embedding f:V — R? with boundary G'. I

As opposed to 3-connected graphs, it is not clear whether every 4-
connected graph has a subgraph which can be chosen to be the boundary of
an SC-embedding.

Conjecture 7.3. Every 4-connected graph G = (V,E) has a 3-connected
planar subgraph G'= (V'  E"). |

The following weaker form of Conjecture 3.1 may also be interesting
(and easier to prove). Let G=(V,E) be k-connected with pairwise disjoint
specified sets T1,...,7T;. Adding a new node s to G and connecting s to each
node v €V gives a (k+1)-connected graph. Therefore it would follow from
Conjecture 3.1 that G has a connected subgraph H = (V' E’) for which
|[V'NT;|=|T;|/2 for 1 <i<k. We conjecture that such a ‘bisecting’ connected
subgraph exists in every k-connected graph (with respect to any choice of k
specified sets).

7.2. Bisections in directed graphs

The k-bisection problem can be formulated for directed graphs as well. In
one possible version we may ask for a bipartition {V;,V2} of the node set V'
of a digraph D = (V, F) such that V; as well as V5 bisects k given subsets
Ti,...,T} in such a way that D[V;j] and D[V5] are both strongly connected.
This condition seems to be too strong to impose, at least if one tries to
extend Conjecture 3.1. For example, there exist 2-connected directed graphs
without such 1-bisections.

There is a weaker definition, however, which allows a natural extension
of Conjecture 3.1. Let us say that a partition {V7,V5}, bisecting each Tj,
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is a directed k-bisection in a directed graph D = (V,E) if there exists a
spanning arborescence in each of D[V;] and D[V5]. With this definition, we
can verify that every 2-connected directed graph has a directed 1-bisection.
This follows easily from the existence of directed s-t numberings, introduced
by Cheriyan and Reif [1, Theorem 3.1]. A directed s-t numbering of a 2-
connected directed graph D = (V, E) with two specified nodes s and t is a
bijection 7 between V' and {1,...,n} such that 7(s) =1, n(¢) =n, and for
each veV—{s,t} there is a directed arc from v to a node w with m(w) > (v)
and a directed arc from a node u to v with m(v) > (u).

Let D = (V,E) be 2-connected and let T'C V be a specified set with
|T'| = 2p. Take a directed s-t numbering of G and let r be the maximum
integer for which |[T'N{v eV |n(v) <r}| <p. Clearly, each of the subgraphs
induced by Vi ={v|7(v)<r} and Vo={v|n(v) >r} bisects T" and contains
a spanning arborescence (rooted at s and t, respectively). This settles the
case k=1 of the following extension of Conjecture 3.1.

Conjecture 7.4. Let D = (V,E) be a (k+ 1)-connected directed graph
and T1,T5,...,T) be pairwise disjoint subsets of V', where |T}| is even for
j=1,...,k. Then G has a directed k-bisection.

7.3. NP-hardness of finding an SC-embedding of a graph

As shown by Theorem 5.3, the 3-connectivity is a sufficient condition for
a graph G to have an SC-embedding. In the rest of this section we show
that the problem of testing whether an arbitrary graph G admits an SC-
embedding is NP-hard.

Lemma 7.5. Let G=(V,E) be a graph without isolated nodes and let C
be a cycle in G. If there is a subset X CV —V(C) with |[Ng(X)| <2, then G
has no SC-embedding with boundary C'.

Proof. For a contradiction suppose that f is an SC-embedding of G with
boundary C. Let |[Ng(X)|=2 for some X CV —V(C) (the case |[Ng(X)|<1
can be treated analogously) with Ng(X) = {vi,v2}. Let L be the straight
line that contains f(v1) and f(v9). Take a supporting hyperplane L’ (that
is, a line) of convy(X) parallel to L and let f(z)€ L' Nconvy(X) for some
x€ X. Clearly, f(x)€int(convs(Ng(x))) cannot hold, a contradiction. I

If G is not 2-connected, then for any cycle C' in G, there exists a subset
X CV-V(C) with |[Ng(X)|<1, and hence a non-2-connected graph cannot
have an SC-embedding by Lemma 7.5. In a 2-connected graph G, a subset
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X CV is called a tight set if [Ng(X)|=2 and V — X — Ng(X) #0. In the
2-connected case, we have the next lemma.

Lemma 7.6. Let G=(V,E) be a 2-connected graph. Then G has an SC-
embedding if and only if there is a cycle C in G which satisfies V(C)NX #()
for every tight set X.

Proof. If no cycle C' intersects all tight sets, then Lemma 7.5 says that G
cannot have an SC-embedding. Conversely, let cycle C satisty V(C)NX ()
for all tight sets X. Consider the graph G’ = (V U{z}, E’) obtained from
G by adding a new node z and arcs between z and all nodes in C, where
E'=EU{(z,v)|veC}. Note that G’ is 3-connected, and by Theorem 5.3 G’
has an SC-embedding f with boundary C. Then we neglect f(z) in {f(v)|ve
VU{z}}. By Ng(2)=C, it is clear that the resulted embedding { f(v) |veV'}
is still an SC-embedding of G. ]

Theorem 7.7. The problem of deciding whether G = (V,E) has an SC-
embedding is NP-hard.

Proof. It is known that the problem of testing whether there exists a
Hamiltonian cycle in a 3-regular and 3-connected graph H = (W, F) is
NP-complete [7]. Given an instance H = (W,F') of the Hamiltonian cy-
cle problem, we apply the following operation to each node v € W. Let
Ng(v) ={ui,uz,us} for a node v e W. We replace v with three new nodes
v1,v2 and vz and three arcs (v1,v2), (v2,v3) and (vs,v1) which form a trian-
glea and let NG(UI) = {U2>U3au1}aNG(U2) = {U3avlau2}>NG(v3) = {Ulav2>u3}'
Moreover we replace arc (vy,v2) with two arcs (vi,w,) and (va,w,) intro-
ducing a new node w,. Let H' be the resulted graph obtained by applying
this operation to all nodes v € W. Note that for each ve W, {w,} is a tight
set in H’', and there are no other tight sets. Then it is easy to see that H’
has a cycle C such that V(C)NX #0( for every tight set X if and only if H
has a Hamiltonian cycle. It is also obvious that this transformation can be
done in polynomial time. ]
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